Abstract. The structure of low-lying excitation states of even-even N = 40 isotones is studied using a five-dimensional collective Hamiltonian with the collective parameters determined from the relativistic mean-field plus BCS method with the PC-PK1 functional in the particle-hole channel and a separable paring force in the particle-particle channel. The theoretical calculations can reproduce not only the systematics of the low-lying states along the isotonic chain but also the detailed structure of the spectroscopy in a single nucleus. We find a picture of spherical-oblate-prolate shape transition along the isotonic chain of N = 40 by analyzing the potential energy surfaces. The coexistence of low-lying excited 0 + states has also been shown to be a common feature in neutron-deficient N = 40 isotones.
Introduction
Shapes of exotic nuclei far from stability have been extensively explored in many experimental and theoretical studies. The evolution of ground-state shapes along an isotopic or isotonic chain is governed by changes of the underlying shell structure of single-nucleon levels. In particular far from the β-stability line, the energy spacings between single-nucleon levels change considerably with respect to the neutron or proton numbers. This can lead to reduced spherical shell/subshell gaps [1] , and further result in the onset of ground-state deformation or the coexistence of different shapes in a single nucleus.
In the last decades the evolution of shapes and underlying shell structure in the N = 40 isotones have attracted lots of attentions. In a simplistic shell-model [2] , N = 40 is predicted to be a subshell since neutrons fill up the f p shell and leave the orbit 1g 9/2 remaining empty. This is supported by the measurements of the low-lying excited states and transition rates in 68 Ni, namely a rather high 2 + 1 state, the first excited 0 + lower than 2 + 1 state [3] and very small B(E2; 2 [4] . However, when removing protons from 68 Ni several experiments of β decay suggest a rapidly weakening of N = 40 gap [5, 6] , and result in the enhanced quadrupole collectivity in the neutron-rich N = 40 isotones. This is confirmed by the recent measurements of the first excited 2 + states in 64 Cr and 66 Fe [7] . Furthermore, Tarasov and co-workers suggested a new island of inversion in the region of 62 Ti from systematics of production cross sections [8] . Toward the neutron deficient side, there exists the coexistence of complex shapes in some nuclei, such as the light Kr and Se isotopes [9, 10] .
On the theoretical side, a number of models have been used to discuss the emergency of collectivity in N = 40 isotones. A shell-model-based calculation shows that the size of N = 40 gap of 68 Ni is not large enough to prevent paring correlation from developing [4] . Furthermore, it is found in the interacting shell-model calculations with a large valence space [11] that the onset of deformation emerges at N = 40 in the iron chain and at N = 38 in chromium isotopes. The collective structure of N = 40 isotones have been also studied by five-dimensional collective Hamiltonian (5DCH) based on the Harteee-Fock-Bogoliubov (HFB) model with the Gogny force D1S [12] . It was predicted that the collectivity grows with Z and shape coexistence occurs in the neutron-deficient N = 40 isotones above 74 Se. Since 1980s, the covariant density functional theory (CDFT) [13, 14] becomes more and more popular in exploring the ground state and excitation properties of both spherical and deformed nuclei all over the nuclear chart. One of the typical candidates is the relativistic mean-field (RMF) theory [15, 16, 17, 18] based on the finite-range meson exchange picture [19] . Recently under the limit of zero range, the CDFT with a point-coupling interaction has attracted more and more attentions [20] because of its advantages in the extensions for nuclear low-lying excited states by implementing projection techniques [21, 22] , the generator coordinate methods [23, 24, 25, 26, 27] and collective Hamiltonian [28] . Specifically, the CDFT-based 5DCH has achieved great success in describing the low-lying states of finite nuclei ranging from A ∼ 40 to superheavy regions, including the spherical, transitional, and well-deformed ones [20, 29, 30, 31, 32, 33, 34, 28, 35, 36, 37] .
In this work, the shape evolution and low-lying states will be studied along the isotonic chain of N = 40 by the 5DCH based on CDFT, and the covariant density functional PC-PK1 [29] is used in the particle-hole channel whereas in the particleparticle channel a separable pairing force [38] is taken as the effective interaction. The content is arranged as follows. In Sec.2, we will give a brief introduction for the 5DCH based on CDFT with PC-PK1. In Sec.3, the shape evolution of even-even nuclei along N = 40 isotonic chain and shape coexistence in 76 Kr, 78 Sr, and 80 Zr will be discussed. In the end, a summary is presented in Sec.4.
Theoretical framework
The formalisms of CDFT based on point-coupling density functionals have been elaborated in a variety of literatures [16, 17, 28, 18, 39] and will not be repeated here.
The quantized 5DCH that describes the nuclear rotational excitations, quadrupole vibrations, and their couplings can be written as the following form [30, 40, 28] 
where V coll is the collective potential, andT rot andT vib are respectively the rotational and vibrational kinetic energies,
In above expressions,Ĵ k denotes the k component of the angular momentum in the body-fixed frame of a nucleus, and the mass parameters B ββ , B βγ , B γγ and the moment of inertia I k depend on the quadrupole deformation variables β and γ. For the moment of inertia I k , it can be expressed as,
where B k denotes the inertia parameter. In Eq. (3), the variables r = B 1 B 2 B 3 and w = B ββ B γγ − B 2 βγ define the volume element of the collective space. In Eq. (4) E tot is the binding energy determined by the constrained CDFT calculations. The ∆V vib and ∆V rot are the zero-point-energies (ZPE) of the vibrational and rotational motions, respectively [41, 30] . The corresponding eigenvalue problem is solved by expanding the eigenfunctions on a complete set of basis functions in the collective space of the quadrupole deformations (β, γ) and Euler angles (Ω = φ, θ, ψ).
The dynamics of the 5DCH is governed by seven functions of the intrinsic deformations β and γ: the collective potential V coll , three mass parameters B ββ , B βγ , B γγ , and three moments of inertia I k . These functions are determined using the cranking approximation formula based on the intrinsic triaxially deformed mean-field states, generated by the constrained CDFT calculations with respect to the intrinsic deformations (β, γ). The diagonalization of the Hamiltonian (1) yields the excitation energies and collective wave functions which are used to calculate the observables [28] .
In the CDFT calculation, parity (P ), x-simplex symmetry (P e iπĴx ), and timereversal invariance are imposed for the single-particle states. The Dirac equation is solved by expanding the spinors on the basis of eigenfunctions of a three-dimensional harmonic oscillator in Cartesian coordinates with 12 major shells, which are found to be sufficient to obtain a reasonably convergent results for the nuclei in this mass region. The numerical details of the calculations can also be found in Refs. [28, 39] . [12] . The PESs nicely illustrate the rapid shape evolution along the isotonic chain. Below 68 Ni the nuclei are spherical, and 70 Zn becomes rather soft along the β direction although the global minimum locates at spherical point. When adding more protons, a triaxial minimum at (β ≈ 0.25, γ ≈ 36
• ) emerges in 72 Ge, whereas in 74 Se an extended oblate minimum is found. Further the coexistence of an extended oblate minimum and a large deformed prolate minimum occurs in 76 Kr and these two minima are connected by a rather low triaxial barrier. Extending to Z = 38 and 40, the prolate minima become deeper and the triaxial barriers between the prolate and spherical minima rise higher.
The evolution of two-proton separation energies for N = 40 isotones is shown in Fig. 2 , where the theoretical results are extracted from the binding energies of the global minima (in open triangles) and the energies of ground states given by 5DCH (in open squares), as compared to the data [42] . The calculations reproduce the data quite well. In particular, when the dynamical correlation energies are included by 5DCH, the root-mean-square (rms) deviation from the experiment data is reduced from 1.82 MeV to 1.18 MeV significantly. Two of the distinct features for shape transitions are the excitation energy of the first 2 + state and the reduced E2 transition probability B(E2; 2
, which are shown in Fig. 3 for the N = 40 isotones. In Ref. [12] , similar calculations have been done using the Gogny force D1S and it has been also adopted in a global study of the low-lying states of the nuclei with proton numbers ranging from Z = 10 to Z = 110 and neutron numbers N 200 [44] . For comparison, the corresponding results are plotted in Fig. 3 . It can be seen that the 5DCH calculations based on the PC-PK1 functional give results similar to those obtained by the Gogny force D1S and both reproduce the systematics of the low-lying states for the isotones with Z > 28, particularly for the onset of the enhanced collectivity around Z = 38. For the neutron rich side, both calculations overestimate the excitation energies of 2 + 1 states,leading to underestimated collectivity. To understand the lost collectivity in the neutron rich side, in Fig. 4 we plot the evolution of N = 40 spherical neutron shell gaps since these nuclei have the spherical global minima (see Fig. 1 ). The calculations are performed by RMF+BCS with PC-PK1 parameter set and the density-dependent relativistic Hartree-Fock theory [45] plus BCS pairing (DDRHF+BCS) with the effective interaction PKA1 [46] . Moreover, the results calculated by HFB using Gogny force D1S are also shown for comparison. Generally, the enhanced spherical shell gap indicates a weakening collectivity, and vise versa. In Fig. 4 the N = 40 shell gaps predicted by PC-PK1 and D1S increase when removing protons from 68 Ni, and result in too high 2 + 1 states. In contrast, the shell gaps given by PKA1 decrease gradually as the proton number decreases, consistent with the conclusion given by the experiments of β-decay [5, 6] . This is mainly due to the fact that PKA1 contains the tensor components in the Fock terms of π pseudovector and ρ tensor couplings [47, 48, 49] . The work on enhanced collectivity of N = 40 neutron-rich isotones using 5DCH based on deformed DDRHF+BCS with PKA1 is in progress.
Shape coexistence in
78 Sr and 80 Zr
In this part we focus on the shape coexistence of the neutron-deficient N = 40 isotones as shown in Fig. 1 . PECs corresponding to the projections on the γ deformation, corresponding to the minimum for each γ on the PES in the β − γ plane. In these two nuclei the coexisting spherical and prolate minima with very closed binding energies are observed, which are separated by certain barriers. The axial barriers of 78 Sr and 80 Zr are as high as ∼6 MeV and ∼8 MeV, respectively. After considering the γ degree of freedom, the barrier heights are lowered down to 3.5 MeV and 4.5 MeV, respectively.
Shape mixing is an important quantum concept in the study of shape coexistence in atomic nuclei. Fig. 6 displays the distribution of probability density ρ Jα (β, γ) in the β − γ plane for the first two 0 + states in 78 Sr and 80 Zr, where ρ Jα (β, γ) satisfies the following normalization condition:
The ground states 0 80 Zr has a higher and wider triaxial barrier between two minima (c.f. Fig. 5 ).
The effect of the barrier on the shape coexistence phenomenon can be further demonstrated by analyzing the evolution of the expected deformations β and γ of the states characterized by different shapes when increasing angular momentum. o , respectively, and approach to the expectations of the ground-state band gradually when increasing angular momentum. This means that the higher-spin state in the excited band has located beyond the barrier and can 'talk' easily with the ground-state band. However, in 80 Zr the γ of the excited band is larger than 20 o and keeps away from the ground-state band, even though the β approaches to the ground-state band rapidly. This can be attributed to the higher and wider triaxial barrier in 80 Zr. A microscopic picture of the coexisting minima in PECs and related phenomenon of the low-lying states in neutron-deficient N = 40 isotones emerges when considering the single-particle levels. Taking 78 Sr as an example, we plot the single-particle levels as functions of the axial deformation parameter β in Fig. 8 . It is shown that the neutron Fermi level goes across the low-level-density region at β ≈ 0, giving rise to the spherical minimum. While the proton Fermi level locates in the middle of the energy gap around β ≈ 0.5, which gives rise to the prolate minimum in 78 Sr.
Spectroscopy of low-lying states in N = 40 isotones with Z > 28
The calculated low-lying spectra of N = 40 isotones with Z > 28 are compared with experimental data in Figs. 9 -11. Since the one of 76 Kr has been discussed in detail in Refs. [53, 54] , here we do not repeat it again. One can see that the ground state bands of these nuclei are reproduced well except those with I ≥ 4 in 70 Zn and 72 Ge, which are too spread compared to the data. As can be seen in Figs. 9, 10 and Fig. 6 in Ref. [53] , the excitation energies of quasi-β and quasi-γ bands in 70 Zn, 74 Se, and 76 Kr are reproduced quite well by 5DCH calculation. Both the calculated intraband and interband transitions are in good agreement with the available data concerning that our model is completely parameter free. Although it is not straightforward to obtain the evident proof from Figs. 9-11 for the shape coexistence in these nuclei, the well reproduced low-lying spectra, on the other hand, illustrate the predictive reliability of our model. 
Summary and Perspectives
In summary, we have presented a systematic beyond RMF study of the low-lying states in the even-even N = 40 isotones. The excitation energies and electric transition strengths have been obtained by solving a five-dimensional collective Hamiltonian with the collective parameters determined from the RMF calculations using the PC-PK1 force. The results have been compared with experimental data and those obtained by similar calculations but using the Gogny force D1S. The theoretical calculations can reproduce not only the systematics of the low-lying states along the isotonic chain but also the detailed structure of the spectroscopy in singular nucleus. We find a picture of spherical-oblate-prolate shape transition in the N = 40 isotones. The coexistence of low-lying excited 0 + states has also been shown to be a common feature in neutrondeficient N = 40 isotones.
The present study provides an example demonstrating how CDFT can describe not only nuclei with a single-configuration-dominated structure but also nuclei with a coexistence structure of distinctly different shapes in low-excitation energy and the transition behavior. Although the commonly used CDFT without tensor coupling term can describe most of the observalbes in the N = 40 isotones but fail to reproduce the onset of the deformation of ground state in neutron-rich N = 40 isotones. Therefore, the 5DCH calculation based on the deformed DDRHF+BCS with PKA1 effective interaction, where the tensor coupling of of π and ρ mesons is included selfconsistently, is highly demanded. Work along this direction is in progress.
